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Abstract

A stochastic method, which uses a modified Langevin equation to represent the fluid turbulence seen by
the particles, is used to determine the fully-developed concentration profiles that exist for the turbulent flow
of a dilute suspension of spheres in a horizontal channel. Particles with a wide range of inertial time con-
stants and settling velocities are studied. The validity of using the Boussinesq approximation to represent
turbulent mixing is explored.
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1. Introduction

In horizontal flows of a suspension, gravity can greatly increase the rate of deposition over what
would be observed in a vertical system (Mito and Hanratty, 2004a). This paper presents the results
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of computer experiments which examine this phenomenon by determining concentration profiles.
We show that distortions of the profiles are accompanied by increases in the deposition rate, but
that large increases can also be experienced without changes in the symmetry of the concentration
profile.
The work is motivated by our interest in gas–liquid flows, so the analysis is restricted to systems

with large ratios of the densities of the particles to the densities of the fluid and for which particle
interactions are not considered. An idealized representation of the disperse flow that exists in the
core of an annular pattern is considered. Gas and spherical solid particles flow in a horizontal
channel. Particles injected at the bottom and top walls eventually deposit. By adjusting the relative
rates of admission of particles at the two walls, a fully-developed condition can be realized for
which the net flux of particles in a direction perpendicular to the wall is zero at all locations in
the channel. The two walls are considered to consist of arrays of point sources, so the theoretical
problem is to calculate the behavior of a wall source.
The Lagrangian analysis of the trajectories of particles in a turbulent field has been advanced by

carrying out studies in a direct numerical simulation of the carrier fluid. This type calculation is
not feasible if one wants to study a large range of variables and large Reynolds numbers. The ap-
proach taken in this paper is to represent the fluid turbulence seen by the particles with a Langevin
equation.
Concentration profiles of dispersed particles in horizontal pipes and channels have been studied

with a Lagrangian approach by several investigators for cases in which deposition was not occur-
ring. Sommerfeld and Zivkovic (1992) and Lun and Liu (1997) used k�e models to represent the
mean fluid velocity field. Fluctuations seen by particles were sampled from an uncorrelated
Gaussian distribution for randomly chosen eddy lifetimes (or interaction times), which results
in an exponentially decaying autocorrelation function for the velocity fluctuations. (A discussion
of eddy interaction models has been given by Graham (1996)). Oesterle and Petitjean (1993) used
uncorrelated Gaussian random variables and experimental measurements to take account of the
influence of fluid turbulence. Sommerfeld (2003) used a Langevin equation (Sommerfeld et al.,
1993) to represent the fluid velocity fluctuations seen by particles. Zhang and Ahmadi (2000) car-
ried out studies of deposition in a DNS of channel flow.
The chief contribution of the present paper is that it presents results over a very wide range of

experimental conditions. The numerical approach is similar to what was used by Sommerfeld
(2003) in that a Langevin equation is used. Despite the importance of the problem very few exper-
imental investigations of concentration profiles in horizontal annular flow have been made. These
include studies by Williams et al. (1996), Paras and Karaberas (1991) and some early works that
are summarized by McCoy and Hanratty (1977).
A review of previous studies in this laboratory in which the Langevin equation is used to cal-

culate particle dispersion is in order: Mito and Hanratty (2002) explored the use of a modified
Langevin equation to describe the turbulent dispersion of fluid particles from point sources lo-
cated at different locations in a channel. Good agreement with experiments in a DNS at
Res = 150 and Res = 300 was realized. This method was also employed to describe wall sources
of thermal markers. Fully-developed temperature profiles were calculated by picturing heated
or cooled walls as consisting of arrays of sources or sinks. Again, excellent agreement was ob-
tained with Eulerian calculations done in a DNS (Mito and Hanratty, 2003a). Iliopoulos et al.
(2003) showed that the dispersion of solid particles from a point source in turbulent channel flow
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can be described by using a modified Langevin equation to describe turbulent fluid velocity fluc-
tuations seen by a particle.
These successes motivated a study which would provide a better understanding of particle dis-

persion and deposition of a dilute suspension of particles in the idealized model described above.
In part 1 of this study (Mito and Hanratty, 2003b), the method was verified by comparing calcu-
lations for which the fluid turbulence is represented by the stochastic model and by a DNS. In
Part 2 (Mito and Hanratty, 2004a) the stochastic method was used to study the mechanism of
deposition over a much larger range of variables than had previously been explored,
sþp ¼ 3� 40 and V þ

T ¼ 0� 3:2. Mito and Hanratty (2004b) also studied concentration profiles
for the case of zero gravity.
This paper examines the effects of changes of sþp and V þ

s on the particle turbulence and on the
characteristics of the concentration profile. The applicability of the Boussinesq approximation to
represent turbulent mixing is also explored. Several previous works (Young and Leeming, 1997;
Cerbelli et al., 2001; Mito and Hanratty, 2004b) used the Boussinesq approximation to describe
turbulent mixing of solid particles in situations for which gravity is not an important
consideration.
2. Computational method

2.1. Definition of system

Gas flows through infinitely wide horizontal parallel planes. The Reynolds number, Res = 590,
is defined with the friction velocity, v*, and the half-height of the channel, H. Cartesian coordi-
nates x1, x2 and x3 are assigned to the streamwise, wall-normal and spanwise directions. The chan-
nel walls are located at x2 = 0 and at x2 = 2H. Droplets are represented by solid spherical particles
of diameter dp. Gravity acts in the negative x2 direction. Particles are treated as points and the
concentration fields and other statistics are calculated based on the values of x2 at their centers.
Point sources are pictured to exist on both the bottom and top walls. Particles are injected from
x2 = dp/2 with a velocity of (V

0
1; V

0
2; V

0
3) and a rate per unit area of RAb and from x2 = 2H � dp/2

with a velocity of ðV 01;�V 02; V
0
3Þ and a rate per unit area of RAt. These particles eventually deposit

when they are a distance of dp/2 from a wall. The rates of atomization at the bottom and top walls
satisfy the conditions
RAb ¼ RDb and RAt ¼ RDt; ð1Þ
where RDb and RDt are the deposition fluxes at the bottom and top walls. Since net fluxes are zero
at all x2 the representation of the concentration field in terms of fundamental mechanisms respon-
sible for particle transport and mixing is simplified.
Since dilute flows of particles which are much heavier than the gas are considered, lift forces,

inter-particle collisions and the influences of the particles on the gas flow are ignored. The location
and velocity of a particle are defined by the following equations:
dxi
dt

¼ V i; ð2Þ
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dV i

dt
¼ � 3qfCD

4dpqp
jV �U jðV i � UiÞ þ gi; ð3Þ
where Vi is the velocity of the particle, Ui is the gas velocity seen by the particle, t is the time, qp is
the density of the particle, qf is the density of the gas, and gi is a component of the acceleration of
gravity. In the system considered, g2 = �g and g1 = g3 = 0. The drag coefficient, CD, is given by
CD ¼ 24

Rep
ð1þ 0:15Re0:687p Þ; ð4Þ
where the particle Reynolds number, Rep, is defined with dp and the magnitude of the relative
velocity jU � Vj. Then the dimensionless inertial time constant of a particle, sþp ¼ spv�2=m, is de-
fined as
sþp ¼
4dþ
p ðqp=qfÞ

3CDjVþ �Uþj ; ð5Þ
where m is the kinematic viscosity of the gas and dþ
p ¼ dpv�=m. For a Stokes law resistance
sþp ¼
dþ2
p ðqp=qfÞ
18

: ð6Þ
Since Stokes law is approximately valid for the conditions considered in this paper, Eq. (6) is used
to define sþp . The influence of gravity is represented either by the dimensionless free-fall velocity,
V þ
T ¼ V T=v�, or by the dimensionless acceleration of gravity, g

+ = gm/v*3. The free-fall velocity is
calculated from Eq. (3) for the condition of dV2/dt = 0 and U = 0. The dimensionless acceleration
of gravity is given as g+ = 1/2FrRes, where Fr is the Froude number defined as Fr = v*

2/2gH. The
dimensionless free-fall velocity is approximated as
V þ
T ffi sþp g

þ; ð7Þ
which is exact for Stokes law resistance.

2.2. Stochastic method

A modified Langevin equation is used to calculate the change of the fluid velocity seen by a
solid particle, dui, over a time interval dt:
d
ui
ri

� �
¼ � ui

risi
dt þ dli þ dl0

i; ð8Þ
where ui is the fluctuating component of the fluid velocity seen by the particle, ri is the Eulerian
root-mean-square value of the fluid velocity fluctuation, si is the Lagrangian time constant. The
forcing function, dli, is assumed to be jointly Gaussian (Mito and Hanratty, 2002). The mean
drift, dli, and the covariances of the fluctuations are given as
dli ¼
o u2ui

ri

� �
ox2

dt; ð9Þ
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dl0
idl0

j ¼
uiuj
rirj

1

si
þ 1

sj

� �
dt; ð10Þ
where an overbar indicates an ensemble average. These equations and the numerical procedure for
solving them are described, in detail, by Mito and Hanratty (2003b). The DNS database for tur-
bulent channel flow at Res = 590, obtained by Moser et al. (1999), is used to provide the mean
velocities of the fluid and the turbulent statistics that appear in Eqs. (8)–(10). The computational
time step used in Eqs. (2), (3), (8) was Dt+ = Dtv*2/m = 0.5.
Eq. (8) requires the time constants characterizing the fluid turbulence seen by the particles.

These can be different from the time constants characterizing the dispersion of fluid particles.
The basic notion in using Eq. (8) was that the si for fluid particles would need to be adjusted
to recognize that the dispersing particles do not follow the fluid and that the ratio of the time con-
stant used in Eq. (8) to the time constant characterizing the dispersion of fluid particles could be a
function of the inertial time constants of the particles and their free-fall velocities. A preliminary
study with finite VT (Mito and Hanratty, 2003b) revealed that good results could be obtained by
simply equating the si in Eq. (8) to the time constant of the fluid particles. Values of these time
constants can be found in the paper by Mito and Hanratty (2004a) for Res = 590. A more recent
paper with VT = 0 (Mito and Hanratty, 2004b) shows that s2 and s3 characterizing fluid turbu-
lence seen by the particles are close to values obtained for the dispersion of fluid particles. Values
of s1 are different but the calculations are relatively insensitive to the choice of s1.
Calculations were also carried out for V þ

T ¼ 0 and for V þ
T ¼ 0:11 in which the forcing function

was skewed. [See Iliopoulos et al. (2003).] Very small differences in the calculated results were
noted.
3. Theory

3.1. Deposition constants

A rate of deposition RD is defined as the average of the rates of deposition at the bottom and
top walls:
RD ¼ RAb
2

1þ RAt
RAb

� �
: ð11Þ
A deposition constant kþDB ¼ kDB=v� is defined with bulk mean concentration CB and RD,
kDB
v�

¼ CBv�

RAb

� �
RAb
RD

� �� ��1
: ð12Þ
Thus, kþDB is a function both of CBv
*/RAb and of RAt/RAb. The term RD/RAb in Eq. (12) varies

from 1 to 1/2 with changes of RAt from RAb to 0. The change in CBv*/RAb is the dominant factor
in determining changes in kþDB.

Values of kþDB for sþp ¼ 3, 5, 10, 20, 40 (Mito and Hanratty, 2004a) are plotted against g+ in Fig.
1a and against V þ

T in Fig. 1b. A very large effect of V
þ
T (or g

+) on kþDB is noted. Several flow regimes
are observed: Concentration fields are almost symmetric, except for the near-wall region, for



Fig. 1. Deposition constants: (a) effect of g+ and (b) effect of V þ
T .

160 Y. Mito, T.J. Hanratty / International Journal of Multiphase Flow 31 (2005) 155–178
V þ
T < 0:01 (Region 1). A saltation pattern exists for g+ > 0.04 (Region 2). The deposition con-
stant can increase at surprisingly small values of V þ

T . The effect of gravity on kþDB is quite strong
in the region for which the concentration field is asymmetric (V þ

T > 0:01). A limit for which par-
ticles injected at the bottom wall can reach the top wall is observed at g+ = 0.012. Thus, the annu-
lar flow regime is defined for g+ 6 0.012 (Region 3). It is noted that in the symmetric regime
kþDB increases very rapidly with increases of V

þ
T for sþp ¼ 3 and 5 and is almost unchanged for

sþp ¼ 20 and 40. These features are related to changes in the concentration profiles described in
the Section 4.

3.2. Diffusion model

A diffusion model can be derived from the ensemble-averaged mass balance equation by using a
Boussinesq approximation for the turbulent mixing:
o

ox2
CV 2 � e

oC
ox2

� �
¼ 0; ð13Þ
where e is the turbulent diffusivity. For a fully-developed concentration field, the total mass flux is
zero at all xþ2 . Therefore, Eq. (13) can be simplified as
CV 2 � e
oC
ox2

¼ 0; ð14Þ
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or
o lnC
ox2

¼ V 2
e
: ð15Þ
A mean convective velocity V 2 is obtained from the ensemble-average of Eq. (3) as
V 2 ¼ �sp
dV 2
dt

� �spg ¼ V tp þ V g: ð16Þ
where the first term in the right-hand side of Eq. (16) represents the turbophoretic velocity, Vtp,
and the second term represents the velocity induced by gravity, Vg, which is approximately equal
to the terminal velocity, �VT. If the dominant contributor to V 2 is the settling velocity, VT, and if
e = constant (which could be plausible in the center region of the channel)
C ¼ C0 exp � V T
e
x2

� �
; ð17Þ
where C0 is a constant of integration. Deviations from Eq. (17) are expected in the near-wall
regions because of the variation of e with x2 and the increasing contribution of Vtp to V 2.

3.3. Turbophoretic velocity

Caporaloni et al. (1975) and Reeks (1983) have presented the notion that a drift velocity is cre-
ated by a gradient in the particle velocity fluctuations
V tp ¼ ��sp
ov22
ox2

; ð18Þ
where V 2 ¼ V 2 þ v2 is the velocity in the x2 direction. James B. Young and Hanratty (1991) pre-
sented laboratory measurements of dV 2=dt and showed that Eq. (18) can be obtained from the
mean acceleration if an incompressibility assumption is made, whereby the influence of changes
in particle concentration is ignored. John Young and Leeming (1997) presented a thorough inves-
tigation of this idea and derived an equation, which includes compressibility effects:
dV 2
dt

¼ V 2
oV 2
ox2

þ ov22
ox2

þ v2V i
oðlnCÞ
oxi

: ð19Þ
Cerbelli et al. (2001) used the following approximation:
v2V i
oðlnCÞ
oxi

ffi v22
oðlnCÞ
ox2

: ð20Þ
Mito and Hanratty (2004b) showed for the case of g = 0 that compressibility effects need to be
taken into consideration in evaluating the turbophoretic velocity and that Eq. (20) does a satis-
factory job.

3.4. Secondary maximum

Since particles are injected with a uniform velocity from the wall, a local maximum associated
with a slowdown of the injected particles can be observed near the wall. Velocities of a particle
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injected into a quiescent ambience, V þ
2 , can be approximated by using Eq. (3) and the assumption

of U = 0. A concentration field in which particles enter the field at the bottom wall is calculated by
assuming that the mass flux of the injected particles in the wall-normal direction is kept constant
at RAb from the injection height to the top of the trajectories, so that
Cv�

RAb
¼ 1

V þ
2

: ð21Þ
Fig. 2a presents the calculated concentration profiles of particles with sþp ¼ 3 for V þ
T ¼ 0, 0.014,

0.058, 0.11 when particles are being injected at xþ2 ¼ dþ
p =2 ¼ 0:184 with an initial velocity of 1

v* in the wall-normal direction. The concentrations become infinite at the peaks of the trajectories,
which are observed at xþ2 ¼ 3:07, 2.89, 2.58, 2.34. The concentrations increase very rapidly near
the peaks. The distance from the wall to the peak decreases with increasing V þ

T . When the drag
acting on a particle is Stokesian, that is, sþp ¼ constant, the local maxima occur at
xþ2 ¼
dþ
p

2
þ sþp V 0þ2 � V þ

T ln 1þ V 0þ2
V þ
T

� �� �
: ð22Þ
Thus, xþ2 is a function of d
þ
p ; s

þ
p ; V

þ
T and V

0þ
2 . Eq. (22) gives x

þ
2 ¼ dþ

p =2þ sþp V
0þ
2 when V

þ
T ¼ 0. The

values of xþ2 at the local maxima shown in Fig. 2a are seen to be slightly smaller than the values
calculated from Eq. (22). This is because the fluid drag is non-Stokesian and the mean inertial time
constants over the particle trajectories are smaller than the Stokesian inertial time constant. When
Fig. 2. Secondary maxima in concentration fields (a) for sþp ¼ 3 and (b) for sþp ¼ 20.
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fluid turbulence exists, the distances from the wall to the local maxima decrease because of turbu-
lent mixing.
Fig. 2b presents the increases of concentrations due to slowdowns of injected particles with

sþp ¼ 20 for V þ
T ¼ 0, 0.014, 0.056, 0.12. Peaks are seen at xþ2 ¼ 19:3, 18.1, 16.1, 14.3. It is noted

that, for this case, the local maxima exist in the buffer region, where the injected particles are sub-
jected to strong turbulent mixing.
Fig. 3a presents velocities of the particles in the concentration fields for sþp ¼ 3. Fluid turbu-

lence intensities in the wall-normal direction are also presented. It is noted that the fluid turbu-
lence intensity is comparable to the particle velocity only near the local maxima. If the fluid
drag acting on a particle is Stokesian,
V þ
2 ¼ � xþ2

sþp
þ V 0þ2 � gþtþ; ð23Þ
where t+ (= tv*2/m) is the dimensionless time for which the particle has been in the field. The curve
for V þ

T ¼ 0 ðgþ ¼ 0Þ is observed to have a slope of �1=sþp . This behavior is also observed for the
curves for V þ

T 6¼ 0 at small times (in the near-wall region). Fig. 3b presents velocities of the par-
ticles in the concentration fields shown in Fig. 2b. It is noted that the fluid turbulence is compa-
rable to the particle velocity at xþ2 � 11 for sþp ¼ 20, so particles should be strongly affected by
turbulent mixing near this height.
Fig. 3. Mean velocities of the particles generating secondary maxima (a) for sþp ¼ 3 and (b) for sþp ¼ 20.
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4. Results

4.1. Scope of calculations

The computation of the behavior of a source involved the injection of Nb (= 10
4–107) particles

from the bottom wall at time zero. Fully-developed concentration profiles were calculated from
these results by methods outlined by Mito and Hanratty (2003b). The number of particles was
increased until statistically steady results were obtained. When a strong asymmetry appears in
the concentration field, the number of the injected particles needs to be increased in order to
have enough samples in the upper region. The injection velocity was V0+ = (15,1,0). When
particles deposited at the top wall, the same number was injected with V0+ = (15,�1,0). The rate
of atomization at the bottom wall is Nb/ADt, where A is the area of the wall over which the par-
ticles are discharged and Dt is the time interval over which Nb particles are admitted from a wall
source.
Calculations were done for a dimensionless particle diameter, dþ

p ¼ 0:368. Five inertial time con-
stants, sþp ¼ 3, 5, 10, 20, 40, for which density ratios, qp/qf, are, respectively, 400, 665, 1325,
2650, 5300, are considered. The Froude number was varied so as to consider free-fall veloci-
ties in the range of 0 6 V þ

T 6 3:2. For example, the Froude numbers were varied from infin-
ity to 6.9 · 10�4 for sþp ¼ 3 and from infinity to 9.2 · 10�4 for sþp ¼ 40, where the
dimensionless accelerations of gravity, g+, were varied from 0 to 1.2 for sþp ¼ 3 and from 0 to
0.93 for sþp ¼ 40.
The computations of the behavior of a wall source were performed until all of the particles in-

jected at t+ = 0 deposited. The integration time ranges from t+ = 1 · 107 to t+ = 2 for sþp ¼ 3 and
0 6 V þ

T 6 3:2 and from t+ = 5 · 104 to t+ = 20 for sþp ¼ 40 and 0 6 V þ
T 6 3:2.
4.2. Particle turbulence

Calculations by Mito and Hanratty (2004b) for V þ
T ¼ 0 show a decrease in ðv22Þ

1=2 with increas-

ing sþp . The influence of V
þ
T on ðv22Þ

1=2 is depicted in Figs. 4 and 5 for sþp ¼ 3 and for sþp ¼ 20. The
contributions of recently injected particles are included in the evaluation of ðv22Þ

1=2. Values for the

root-mean-square of the fluid velocity fluctuations, ðu22Þ
1=2, are also shown in Fig. 4. It is noted,

both for sþp ¼ 3 and sþp ¼ 20, that ðv22Þ
1=2 is not affected by gravitational settling over most of

the field.
An effect of VT is noted for small xþ2 , as shown in Figs. 4b and 5b. This is observed in the region

where direct contributions of the injected particles are important. As shown by Mito and Hanr-
atty (2004b), the particle turbulence at xþ2 ¼ dþ

p =2 is given by
v22 ¼ �V 02V d; ð24Þ
where V d is the average velocity with which the particles strike the wall and V 02 is the component

of the injection velocity in the x2 direction. The observed increase in ðv22Þ
1=2 at the wall, with

increasing VT (or V dÞ, is consistent with Eq. (24).



Fig. 4. Root-mean-square values of the wall-normal fluctuating component of particle velocity for sþp ¼ 3 in (a)
arithmetic and (b) logarithmic coordinates.
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4.3. Turbophoretic velocities

Turbophoretic velocities were obtained from calculations of �spðdV 2=dtÞ. These are shown in
Fig. 6 for sþp ¼ 3 and sþp ¼ 20. The minima reflect the variation of the particle turbulence with x2
close to the wall in that they correspond approximately to the maximum in v22. However, the effect
of VT cannot be explained in this way since, as shown in Figs. 4 and 5, gravitational settling is not
having a strong effect on v22. The individual terms on the right side of Eq. (19) that contribute to
the mean acceleration, dV 2=dt, were calculated (not shown). The first was found to be negligibly
small compared to the other terms regardless of xþ2 ; s

þ
p or V

þ
T . This was also observed for the cases

of VT = 0 by Mito and Hanratty (2004b). Therefore the behavior shown in Fig. 6 mainly reflects
the changes in v22 and in the concentration field, indicated in the third term on the right side of
Eq. (19).

4.4. Concentration profiles

Concentration profiles for V þ
T ¼ 0–0.11 and sþp ¼ 3 are plotted in Fig. 7a with semilogarithmic

coordinates. The dotted lines represent Eq. (17) with e = 55m (= 0.094v*H). The values of C0 are
selected to fit the concentration curves in the center region of the channel. Eq. (17) is seen to
give good approximations for the concentrations at 50 < xþ2 < 2Hþ � 50. This suggests that the



Fig. 5. Root-mean-square values of the wall-normal fluctuating component of particle velocity for sþp ¼ 20 in (a)
arithmetic and (b) logarithmic coordinates.
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concentration field in this region can be represented as a balance between diffusion and gravita-
tional settling. Particles with sþp ¼ 3 injected at the bottom wall can strike the top wall only for
V þ
T 6 1:7� 10�4.
Large spatial changes in the concentration fields occur at xþ2 < 50 and xþ2 > 2Hþ � 50. Buildups

of particles in these regions are caused mainly by large turbophoretic velocities, which are negative
near the bottom wall and are positive near the top wall for the situations presented in Fig. 7. A
more detailed examination of the concentration field close to the bottom wall is given in the log-
log plot in Fig. 7b. Very thin boundary layers are observed for V þ

T 6 1:7� 10�4 in the vicinity of
the wall ðxþ2 < 0:3Þ, where the terminal velocities are smaller than the turbulent fluid velocities at a
distance of dþ

p =2 above the wall. The boundary layer disappears at V
þ
T ¼ 1:7� 10�3 because grav-

itational settling replaces turbulent impaction as the main mechanism for deposition (Mito and
Hanratty, 2004a).
The concentration profiles for sþp ¼ 3 are approximately symmetric, except in the near-wall re-

gions, for V þ
T < 0:01 and the shapes are almost unchanged from what is observed for V þ

T ¼ 0 be-
cause of the very small effect of gravitational settling. It is noted that the concentration at a given
xþ2 decreases very rapidly with increases of V

þ
T for V

þ
T < 0:01. This decrease of the dimensionless

bulk concentration (or increase in kþDB) with increases of V
þ
T for 1:7� 10

�4 < V þ
T < 0:01 is attrib-

uted to the increase in the mean velocity of the depositing particles at the bottom wall, V
þ
d , due to

the increase in the settling velocity. Thus, since RAb ffi �V dCw in this region, the dimensionless



Fig. 6. Turbophoretic velocities (a) for sþp ¼ 3 and (b) for sþp ¼ 20.

Fig. 7. Concentration profiles for sþp ¼ 3 plotted against (a) arithmetic and (b) logarithmic abscissae.
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wall concentration Cwv�=RAb decreases if V
þ
d increases. (See Fig. 12.) For V

þ
T 6 1:7� 10�4 the

deposition velocity does not change significantly with V þ
T so Cwv

*/RAb is roughly constant (see
Fig. 12). The increase of Cv�=RAb at a fixed xþ2 with decreases of V

þ
T for V

þ
T 6 1:7� 10�4 is asso-

ciated with the increase in the concentration change in the boundary layer in the immediate vicin-
ity of the wall.
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Concentration profiles for sþp ¼ 5, 10, 20, 40 are presented in Figs. 8–11. Their features are sim-
ilar to what is observed for sþp ¼ 3. Again, the dashed lines in Figs. 8–11a represent Eq. (17). The
same value of e is used in all of these comparisons. Deviations from Eq. (17) are observed at
xþ2 < 100; xþ2 < 150; xþ2 < 200; xþ2 < 300 for sþp ¼ 5, 10, 20, 40, respectively. Particles injected
from the bottom wall do not strike the top wall for V þ

T P 0:11, 0.16, 0.31, 0.51 at sþp ¼ 5, 10,
20, 40. These results indicate that the limit of annular flow can be roughly defined as
g+ 6 0.012 for this range sþp . This criterion is observed to be much larger than what is found
for sþp ¼ 3, because free-flight is contributing to deposition at the top wall for sþp P 5, and not
for sþp ¼ 3. The saltation regime starts at V þ

T ¼ 0:23, 0.51, 0.86, 1.7 for sþp ¼ 5, 10, 20, 40, that
is, at g+ > ca. 0.04.
Changes in the magnitudes of the concentrations at a given xþ2 , associated with increases in V

þ
T ,

decrease with increasing sþp for V
þ
T < 0:01. This is consistent with the small changes in the depo-

sition constant with increasing V þ
T shown in Fig. 1. It is noted that, except for the near-wall region,

the concentration is almost unchanged with increases of V þ
T for V

þ
T < 0:01 when sþp ¼ 20 and 40.
Fig. 8. Concentration profiles for sþp ¼ 5 plotted against (a) arithmetic and (b) logarithmic abscissae.

Fig. 9. Concentration profiles for sþp ¼ 10 plotted against (a) arithmetic and (b) logarithmic abscissae.



Fig. 11. Concentration profiles for sþp ¼ 40 plotted against (a) arithmetic and (b) logarithmic abscissae.

Fig. 10. Concentration profiles for sþp ¼ 20 plotted against (a) arithmetic and (b) logarithmic abscissae.
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This contrasts with the large decreases of the bulk concentration and of the concentration in the
center region that are observed for V þ

T < 0:01 with sþp ¼ 5 and with sþp ¼ 3. The results for sþp ¼ 10
show an intermediate behavior.

4.5. Stratification

A concentration field in the saltation regime (g+ > 0.04) represents a stratified configuration, for
which the concentration is zero except for the region near the bottom wall. A distinct interface is
generated by the same mechanism that generates the secondary maxima, described in Section 3.4.
Since fluid turbulence is not affecting particle motion in this regime, the assumption of U = 0, used
in plotting Fig. 2a and b, can be used to calculate the values of xþ2 at the interfaces at sþp ¼ 3 and
20. This calculation is approximate since the fully-developed concentration field in this regime is
calculated as the sum of the contributions both from the particles affected by the injection process,
described in Fig. 2, and the depositing particles.
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4.6. Secondary maxima

Secondary maxima caused by slowdowns of injected particles are observed in the concentration
profiles when the dimensionless concentrations at the local maxima are not too large, say
Cv�=RAb < 100. The distances from the bottom wall to the secondary maxima are xþ2 � 1:8 for
0:011 6 V þ

T 6 0:058 and sþp ¼ 3. It is noted that the value of xþ2 at sþp ¼ 3 is much smaller than
the maximum values of xþ2 in Fig. 2a. This shows that turbulent mixing acts very rapidly on
the injected particles before they reach the distances shown in Fig. 2a (even though the magnitude
of the fluid turbulence is very small).
Secondary maxima for sþp ¼ 20 are found at xþ2 � 11:5 for 1:7� 10�3 6 V þ

T 6 0:12. The loca-
tion decreases with increasing V þ

T for V
þ
T > 0:12. This decrease is not observed for sþp ¼ 3 because

the particle field is in the saltation regime for V þ
T > 0:058. A secondary maximum for V þ

T ¼ 0:12
and sþp ¼ 20 is seen at xþ2 � 10. It is noted that the calculations presented in Fig. 3 indicate that the
velocities of particles injected in a quiescent medium are approximately equal to the wall-normal
fluid turbulence intensity near the location of the secondary maximum.

4.7. Wall concentration

We have noted that the shape of the concentration profiles can be similar. Thus, the magnitude
of the concentration at a given xþ2 is strongly dependent on the concentration at the wall.

The concentration at xþ2 ¼ dþ
p =2, designated as Cw, has contributions from both the injected

particles, Cwþ, and the depositing particles, Cw�:
Cwv�

RAb
¼ Cwþv�

RAb
þ Cw�v�

RAb
: ð25Þ
Since the rates of injection are equal to rates of deposition, RAb ¼ CwþV 02 ¼ �Cw�V d, and
Cwv�

RAb
¼ 1

V 0þ2
� 1

V
þ
d

: ð26Þ
When �V
þ
d  V 0þ2 ; Cwv�=RAb ffi �1=V þ

d . Fig. 12 presents concentrations at xþ2 ¼ dþ
p =2 for

1:7� 10�5 6 V þ
T 6 3:2 for sþp ¼ 3, 5, 10, 20, 40. Large changes of Cwv�=RAb with increasing V þ

T

Fig. 12. Concentration at xþ2 ¼ dþ
p =2.
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are noted. The values at V þ
T ¼ 0 are, respectively, 3270, 2780, 1180, 628, 284 for sþp ¼ 3, 5, 10, 20,

40.
For large enough V þ

T gravitational settling is the dominant mechanism for deposition. The
straight line shown in Fig. 12, which represents 1=V þ

T , gives a good approximation for the wall

concentration when �V
þ
d ffi V þ

T and �V
þ
d  V 0þ2 , as indicated by Eqs. (25) and (26). The wall con-

centrations for sþp ¼ 3 and 5 are almost the same for all V þ
T . The wall concentrations for sþp ¼ 3

and 5 equal 1=V þ
T for 1� 10

�3 < V þ
T < 0:2. The wall concentrations for sþp ¼ 10 are given by 1=V þ

T

for 0:1 < V þ
T < 0:2.

The concentration at the bottom wall is seen to converge to a maximum value with decreases of
sþp and V

þ
T . The dimensionless wall concentrations for sþp ¼ 3 and 5 are seen to reach this limit for

V þ
T 6 1:7� 10�4. The maxima for V þ

T ! 0 are consistent with the observation that deposition is
controlled by the turbulent motions of the particles and not gravitational settling. The decrease in
the dimensionless concentration with increasing sþp is associated with increased importance of
deposition by free-flight. For situations in which a saltation mechanism is dominant (g+ > 0.04)
the particles are not in the field long enough to reach free-fall (Mito and Hanratty, 2004a). Thus
the dimensionless concentration can exceed 1=V þ

T at large V
þ
T .

Plots of the ratio of the concentrations at the top and bottom walls are presented in Fig. 13. An
interesting aspect of these results is that Cwt=Cw can be much less than unity for situations in
which the concentration profiles presented in Figs. 8–11 a appear to be symmetric ðV þ

T < 10�2).
This is particularly evident for sþp ¼3, 5 at V þ

T ¼ 1:7� 10�4. The ratio for sþp ¼ 3 is not given since,
except for extremely small V þ

T , the concentration at the top wall equals zero.
The above observation can be explained by considering that deposition occurs at the bottom

wall by turbulent impaction (dominant only for sþp ¼ 3, 5), by free-flight (dominant for
sþp ¼ 20, 40) and by gravitational settling. At the top wall, gravitational settling inhibits deposi-
tion. At sþp ¼ 3, it prevents deposition when V þ

T is larger than the turbulent impaction velocities.
Thus, deposition by turbulence impaction is unimportant at the top wall for V þ

T > 1:7� 10�4, so
the only mechanism available is free-flight.
Plots of Cwtv�=RAt, where RAt is the rate of atomization at the top wall, are presented in Fig. 14.

These dimensionless concentrations equal the reciprocal of the mean velocity of depositing parti-
cles. By comparing Figs. 12 and 14 it is noted that the average deposition velocity at the top wall is
Fig. 13. Ratios of the concentrations at the top and bottom walls.



Fig. 14. Concentration at xþ2 ¼ 2Hþ � dþ
p =2.
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larger than the average deposition velocity at the bottom wall. This is not understood, but it sug-
gests that larger free-flight velocities are needed to reach the top wall.

4.8. Mass flux balance

Contributions of mechanisms of particle transport in a concentration field can be discussed by
using an ensemble-averaged mass balance equation. For a fully-developed field it is given by Eqs.
(14) and (16):
CðV tp þ V gÞ � e
oC
ox2

þ residual ¼ 0; ð27Þ
where V tp ¼ �spðdV 2=dtÞ determined from calculations such as shown in Fig. 6, V g ¼ �spg and a
residual term is introduced to include turbulent mixing that cannot be captured by a Boussinesq
approximation. Fig. 15a presents dimensionless mass fluxes, CV tp=RAb; CV g=RAb and
�ðe=RAbÞðoC=ox2Þ, in the bottom half of the channel for sþp ¼ 20 and V þ

T ¼ 1:7� 10�4. The tur-
bulent diffusivity for fluid particles is used to calculate the turbulent diffusion flux. In the center
region of the channel, xþ2 > 350, turbophoresis is positive and dominant (but it is very small). A
mechanism which carries particles in the negative x2 direction, in order to balance the turbopho-
resis, is missing. In the region of xþ2 < 350, turbulent diffusion and turbophoresis are the main
mechanisms. Turbulent diffusion carries particles in the positive x2 direction. The negative turbo-
phoresis observed at xþ2 < 80 causes a buildup of particles in the near-wall region. Gravitational
transport becomes important only in the vicinity of the bottom wall ðxþ2 < 0:3Þ, at which it is bal-
anced with turbophoresis. The same features are observed throughout the region where the con-
centration profiles are symmetric ðV þ

T < 0:01Þ.
Fig. 15b presents dimensionless mass fluxes in the bottom half of the channel for sþp ¼ 20 and

V þ
T ¼ 0:014, for which asymmetry starts appearing in the concentration field. Increases of gravi-
tational transport at all xþ2 are noted. All of the three fluxes are important in the region x

þ
2 > 350.

Turbulent diffusion transports particles in the positive x2 direction. Negative turbophoresis ob-
served for xþ2 < 80 carries particles into the near-wall region. Small negative values of turbulent
diffusion, observed at xþ2 � 10, are caused by the secondary maximum.
The contribution of gravitational transport increases with increasing V þ

T as seen by comparing
Fig. 15b with Fig. 15c. Gravitational transport is mainly balanced with turbulent diffusion for



Fig. 15. Dimensionless mass fluxes for sþp ¼ 20. (a) V þ
T ¼ 1:7� 10�4, (b) V þ

T ¼ 0:014 and (c) V þ
T ¼ 0:12.
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sþp ¼ 20 and V þ
T ¼ 0:12 except for the vicinity of the bottom wall, where gravity and turbophoresis

are the important transport mechanisms. Negative turbophoresis, observed for xþ2 < 80, still con-
tributes to a transport of particles into the near-wall region.
Fig. 16 presents residuals in the mass flux balances, made dimensionless with RAb, for the cases

that have been discussed above. It is noted that the curves show similar shapes and that the resid-
ual decreases with increasing V þ

T . The shapes of the residual curves also do not change with
changes in sþp . This suggests that the mass flux residual could be deterministically given. It is
noted that the residual for V þ

T ¼ 0:12 is almost zero for large xþ2 . In the region of xþ2 < 20 positive
Fig. 16. Dimensionless residuals in the mass flux balances for sþp ¼ 20.
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residual fluxes are observed. A small region with negative residuals is seen in the vicinity of the
bottom wall for V þ

T ¼ 1:7� 10�4.
5. Discussion

5.1. Effect of gravity on the concentration field

The fully-developed concentration field associated with the horizontal flow of a dilute suspen-
sion of spherical particles has been analyzed in order to obtain a better understanding of deposi-
tion and mixing. The principal contribution of this paper is that it presents concentration profiles
for a wider range of V þ

T than had previously been addressed. An analogue of a fully-developed
gas–liquid annular flow is considered for which the rate of injection of particles from the wall
equals the rate of deposition. Gravity causes the rate of deposition to be much smaller at the
top wall than at the bottom wall and an asymmetric distribution of the particles can result. This
influence is characterized by a dimensionless gravity, g+, or by a dimensionless settling velocity,
V þ
T . Gravitational settling was found to have a small effect on the particle turbulence for the range
of g+ = 0–0.04 for which saltation is not a dominant mechanism for particle mixing.
Gravity influences the concentration profiles and the deposition constant by increasing the

average velocity with which particles deposit at the bottom wall and by causing asymmetries in
the profile.
As shown in Eq. (26), the dimensionless concentration at the bottom wall, Cwv�=RAb, decreases

with the increasing magnitude of the deposition velocity, �V d. The deposition velocity has a min-
imum value of �V d ¼ 1:7� 10�4, which is governed by the fluid turbulent velocity fluctuations at
xþ2 ¼ dþ

p =2. This dictates the maximum value of the dimensionless wall concentration. The wall
concentration and the deposition velocity for sþp ¼ 3, 5 are unchanged for cases in which
�V d < 1:7� 10�4. For larger sþp the deposition velocity increases because of contributions by
free-flight, so the dimensionless concentration at the wall decreases.
Particles tend to accumulate close to the wall because of turbophoretic transport. The concen-

tration can have a maximum at a short distance from the wall where turbophoresis can be very
small, so that a thin boundary layer can exist for which particles are transported to the wall by
turbulent diffusion.
This boundary layer disappears when V þ

T > 1:7� 10�4, that is when the settling velocity is lar-
ger than the turbulent impaction velocity. The deposition velocity increases and the concentration
at the wall decreases with increasing V þ

T . Noticeable asymmetries in the concentration profiles are
observed for V þ

T > 0:01. The degree of asymmetry increases with increasing V þ
T . A region in the

center of the channel exists in which the lnC varies linearly with xþ2 . This can be interpreted as
resulting from a balance between gravitational settling and turbulent diffusion, represented by
the product of a turbulent diffusivity, e, and the concentration gradient, oC=ox2. In this compar-
ison e is assumed to be proportional to the product of the height of the channel and the friction
velocity, and equal to the fluid diffusivity. This interpretation is, somewhat, flawed because it
ignores the turbophoretic flux, which can be significant.
Deposition at the top wall is impeded by gravity so that, except for V þ

T ¼ 0, deposition occurs
only by free-flight particles with high velocities. As a consequence the rate of deposition and the
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concentration at the top wall are much smaller than what is observed at the bottom wall. Turbo-
phoresis causes a buildup of particles close to the top wall. Thus, if V þ

T is not too large the profiles
give the appearance of being symmetric even though the deposition rates at the top and bottom
walls are different.
The dimensionless concentration of injected particles at the wall is defined as Cwþv�=RAb ¼

1=V 0þ2 ¼ 1. As these injected particles move away from the wall, their concentration increases be-
cause they slow down. Eventually they get mixed by fluid turbulence. This can result in the cre-
ation of a secondary maximum. For the situations considered in this paper, this maximum occurs
close to the wall.

5.2. Use of a diffusion model

As shown in Section 3.2 the turbophoretic and gravitational fluxes for the fully-developed flow
considered in this paper are balanced by a flux due to turbulent mixing, v2c. This paper explored
the possibility of representing the turbulent mixing by assuming
F

v2c ¼ �e
oC
ox2

; ð28Þ
where the turbulent diffusivity, e, is assumed to be equal to that of the fluid. It is found that a bal-
ance cannot be obtained.
One possibility for this discrepancy is that the turbulent diffusivity needs to be modified. Fig. 17a

presents calculated e needed to obtain a balance. As already shown by Mito and Hanratty (2004b)
ig. 17. Turbulent diffusivities for sþp ¼ 20 calculated with the assumptions of (a) Vtp5 0 and (b) Vtp = 0.
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calculations for V þ
T ¼ 0 yield the unphysical result of negative values of e for xþ2 > ca: 80. Similar

results are obtained for V þ
T ¼ 0:014. For V þ

T ¼ 0:056 and 0.12 the needed values of e are much smal-
ler than those for the fluid. The strong effect of V þ

T on e is not consistent with its observed small
effect on the particle turbulence, shown in Fig. 5. Fig. 17b presents calculations of e/m for
sþp ¼ 20 if turbophoretic effects are ignored. The e/m for V þ

T ¼ 0:056 and 0.12 are close to values
for the fluid diffusivity in the central regions of the channel, which is consistent with the success
of Eq. (17) in representing concentration variations in the outer part of the flow. However, a large
effect of V þ

T on e/m is still observed and the justification for neglecting turbophoretic effects is not
clear, especially since they are needed to explain the accumulation of particles close to the wall.
The failure of a Boussinesq approximation to represent turbulent mixing should not be surpris-

ing. The inability of an eddy viscosity model to represent the Reynolds stress has been noted in
several instances. This has led to the development of Reynolds stress closure models. This unsuc-
cessful modeling of v2c probably reflects the observation that the particle turbulence may not be in
equilibrium with the fluid turbulence, because of the inertia of the particles, and that large scale
mixing motions, such as free-flights, are not captured by a Boussinesq approximation.
One way of representing the mixing (Mito and Hanratty, 2004b) is to modify Eq. (13) to include

sources and sinks
o

ox2
CðV tp þ V gÞ � e

oC
ox2

� �
¼ S: ð29Þ
Here, a negative S indicates a sink which might be pictured as a disengagement of the particle
from the fluid turbulence, such as would occur at the start of a free-flight. A positive S might indi-
cate an end of a free-flight where the particle motion becomes closely related to the fluid
turbulence.
Fig. 18 shows calculated values of dimensionless sources, Sm/RAbv*, calculated from Eq. (29) for

sþp ¼ 20 by using the fluid diffusivity to represent e. Values of V þ
T ¼ 0, 1.7 · 10�4, 0.014 and 0.12

are explored. Four regions can be identified. Region I, 55 < xþ2 < 590, is a very weak net sink.
Region II, 11 < xþ2 < 55, which contains net sources, extends roughly from the outer edge of
the viscous wall layer to just outside the viscous sublayer. Region III, which contains net sinks,
extends from xþ2 ffi 1:5 to xþ2 ffi 11. Similar regions with approximately the same boundaries have
been observed for other sþp . The interpretation of these results and, in particular, the explanation
of the similarity is not clear-cut. Region III may represent locations where particles, on average,
start free-flights which end in the viscous sub-layer or at the wall. Region II could represent the
end point of weak large-scale motions that bring particles from the outer flow to the wall region
and the location where particles injected from the wall become entrained in the turbulence. Re-
gion IV, which contains net sources, may account for the accumulation of the particles that have
been in free-flights. The magnitude of the sources increases with decreasing V þ

T . This could reflect
the fact that the accumulation of particles in the near-wall region increases with decreasing V þ

T .

5.3. Final remarks

The modeling of turbulent mixing emerges as a critical issue in interpreting concentration pro-
files. The resolution could lie in the development of a differential equation for v2c or in a judicious
use of two-fluid equations. However, it is also possible that the soundest theoretical approach to



Fig. 18. Sources and sinks for sþp ¼ 20 (a) in the half-height of the channel and (b) in the near-wall region.
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describing these dilute suspensions is the use of Lagrangian methods which model the fluid tur-
bulence seen by the particles.
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